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Problems from the College Mathematics Journal, due November 15, 2025
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Problems from Crux MathemAttic, due November 15, 2025
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Problems from Crux Olympiad Corner, due November 15, 2025
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Problems from Crux Mathematicorum, due November 15, 2025
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Problems from the KME Problem Corner, due May 31, 2026
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1298. Let £ [0, 1] > [0, 00) be continuous. Show that

j: Fode= S(Llxjfz(x)dx)(]:x’]’(,)dx)'

where f(x) = (f(x))" whenn > 1.




image8.png
1301. Proposed by Zach Chroman, Jane Street, New York, NY and Mihir Singhal, UC
Berkeley, Berkeley, CA.

Find all m, n € Z for which
48mn =16+ (m —n —2)*.

1302. Proposed by Addn Medrano Martin del Campo, Radix Trading, Chicago, IL.
Find all strictly decreasing functions f : Z — Z that satisfy that for all integers x, y,
F@F6) = —f@xy)
FEFON +3f () = xf0) + FOF ).
1303. Proposed by Melanie Tian, Tulane University, New Orleans, IA and Enrique
Trevirio, Lake Forest College, Lake Forest, IL.

an integer n > 2. On a blackboard, every positive integer is written exactly once.
Given positive inegers ay. as. ... @, and £, &5, ..., £, € {0, 1}, consider the follow-
ing n-step process: at the ith step, fori = 1,....n,

* Ifa; is sill on the board, we erase it;
* Otherwise, we instead erase the smallest number remai
greater than or equal o a; — ;.

on the board which is

For an n-tuple (@, .., ax) of positive integers, let f (a1, az. ... as) denote the num-
ber of choices of €3, &1, .., £, € (0, 1) for which the above process docsn't erase an
integer larger than n. (For example, if n = 3, then £(2,2,2) = 3, since £, = £3 = 0
the only invalid choice.)

Fix an odd integer M with 1 < M < 21, Prove that there is exactly one n-tuple
(@, ax) of integers such that f(ai, ..., ar) = M.
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1304. Proposed by Tudor Popescu, Brandeis University, Waltham, MA.
For n > 1, define the “cumbersome” function C(n) as follows:

.
5~ (pi —2), wheren =[] p", p: prime.

Prove that if
Cml@m—1)

(where ¢ (n) is the Euler totient function), then n is an odd prime or n has at least 7
prime distinct divisors.

1305. Proposed by Zach Chroman, Jane Street, New York, NY and Mihir Singhal, UC
Berkeley, Berkeley, CA.

Let ABCDEFGHIJK be a regular hendecagon (11-gon). Suppose AD and BG
meet at X, and KX meets BI at M. Show that the tangent to circle (EM B) at M is
parallel to line J K.
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MA331. Proposed by Ivan Hadinata.

Let M be the number of ordered pairs of natural numbers (a,b) satisfying the
equation
a® = (2021,

Find the last three digits of M.

MA332. Proposed by Michael Friday.

In any triangle ABC, let H,0 be the orthocenter and circumcenter, and let
M,, My, M, be the midpoints of sides BC, CA, AB respectively. Prove that

OH? = (HM? — OM2) + (HMZ — OM2) + (HM? — OM?)

MA333.

4) An m x n rectangle is divided into mn squarcs. A path is to be traced
starting at (0,0) and concluding at (m, n) by moving only in a positive scuse
along the ruled lines.

Show that the number of distinet paths is (™)

abe has cach of faces ruled into n? squarcs. A path defined in
c1 n its faces, is to start at (0,0,0)
paths.

b) Annxnxn
part a), moving always in a positive
and reach the point (n,n, n). Determine the number of distinc
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MA334. In the quadrilateral ABCD, angles DBC and DAB arc right
angles. Also, angles ADB and BDC have measure of 60 degrecs. If DC is 4 units,
determine which one is greater DA + AC or DB + BC.

ol

MA335.

a) Find all geometric series such that the sum of the first two terms is 2 and
the sum of the first three terms is 3.

b) For cach of the soquences determined in part a), caleulate the sum of all
terms having value less than 1.
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OCT741. A triple of positive real numbers (a,b,

is called mysterious if

T T T
\/"lla?é |2uh|‘/h¢|b2“2l2bclJ:?|czh2 +2ca=2(a+tb+c).

Prove that if the triple (a,b,¢) is mysterious, then the triple (¢, b,a) is also mys-
terious.

OCT42. Let A€ M, (R) be an invertible matrix.
(a) Show that the matrix AAT has real and positive cigenvalues.
tegers p and g such that (AAT)

(b) Supposc that there exist distinet positiy
(ATA)7. Prove that AT = AL,

OCT743. Let (K,+,) be a division ring such that 2%y = y? for all z,y € K.
Prove that (K, +,-) is a field.

OC744. Givenarectangle ABCD and a point X lying inside it. The biscctors
of angles DAX and CBX interseet at point P. Point Q satisfics the equaliti
ZQAP = /QBP = 90°. Prove that PX = QX.

OCT745. Let n be a positive integer. Bolek draws 2n points on the plane, no
two of which define a vertical or horizontal linc. Then for cach of these 2n points,
Lolck draws two rays starting at that point, one of which is vertical and the other
horizontal. Lolek wants to do this in such a way that the rays drawn divide the
planc into as many arcas as possible. Determine the largest integer k such that
Lolck can obtain at least k arcas regardless of the position of the points choscn by
Bolek.
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5061. Proposed by Nguyen Van Huyen.

Consider the polynomial f(z) = 2% — az® + 62% — bz + . Suppose that f(z) has
four distinet real roots. Prove that

a®b+ 4% + 256 < 12a(a + 2b).

5062. Proposed by Mihacla Berindeanu.

Let ABC be an acute triangle with AC > BC. ‘The midpoint of AB is M, the
orthocenter of AABC is H, and the feet of the altitudes from A, B, C are D, E, F,
respectively. Let X be the point of intersection of AB and ED. If O is the
circumcenter of ACMX, then prove that

2(0C + 0X) + 04+ OB
—

ot =

5063. Proposed by Bing Jian.

Given a circle w with center O and a line £ not tangent to w, let m be the line
passing through O and perpendicular to £, and denote by A onc of the points
where m intersects the circle. For points P and Q on £, let P* and Q* be their
respective reflections in the mirror m, and let P’ and Q' be the sccond points of
interscction of the lines P*A and Q*A with w. Prove that the cross-joins PQ’ and
QP’ interscet on w.

5064. Proposed by Michel Bataille.

Let the sequence (an)a>1 be defined by ai =0 and any1 = an + In(2"e* — 1) for
all n > 1. Evaluate

5065. Proposed by Yagub Aliyev.

Let ABC be a triangle with acute angles at the vertices B and C, such that
ZB < /C. The angle bisector AD of the triangle ABC is drawn. Let DE and





image14.png
DF be perpendiculars to the sides AC and AB, respectively. Let £/ and 7 be
points on the sides AC and AB, respectively, such that AE = CE’ and AF = BF'.
Let E'M be perpendicular to the side BC. Prove that E'M + E'I > AB + AC.

5066. Proposed by Tatsunori I

Let n be a positive integer. Initially, n stones — cach coloured cither white or black
— are arranged in a single row. The game is played by repeatedly performing the
following operation:

o Randomly sclect two white stones that a if two stoncs

appear conscentively, they cannot be
switch from white to black or black to whitc) of

not. adjacent (i
ccted as a pair).

o Reverse the colour (i.c.

o Finally, change the colours of the two chosen white stoncs to black.

The game terminates when no pair of white stones
(that is, non-adjacent) can be selocted.

tistying the above condition

Prove that, regardless of the initial configuration of the stoncs and irrespective of
the order and combination in which the valid pairs of white stoncs arc chosen, the
game always terminates.

5067. Proposed by Paul Bracken.

Prove that
5 i G
= (2n—12(n +1) (3

a.\;
S
ol
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5068. Proposed by Nguyen Viet Hung.
Prove that in any triangle ABC,

When docs the cquality happen?
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5069. Proposed by Michael Friday.

Let ABC be a triangle in which B — A = 90°. Let M and S be
median and symmedian, respectively, from vertex C. Prove that triangles ABC
and CMSS have the same orthocenter, and t of CMS is internally
tangent to the circumcircle of ABC at C.

5070. Proposed by Vasile Cirtoaje.
Prove that 2 is the largest positive value of the constant k such that

1.1 .1 1
I R P ¢
tp ot A>k(at+btctd—4)

for any positive real numbers a,b, ¢, d with at most onc of them less than 1 and
ab+be+ed+da=1.
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Problem 937. Proposed by José Luis Diaz-Barrero, Barcelona Mathematical Cir-
cle, Barcelona, Spain.

Three roots of the equation x* — px* +gx> — rx+s = 0 are tan A, tan B, tanC where
A, B,C are the angles of a triangle ABC. Determine the fourth root as a function of
only p,g,rands.

Problem 938. Proposed by José Luis Diaz-Barrero, Barcelona Mathematical
Circle, Barcelona, Spain.
If a, b, c are positive reals no larger than one, prove that

2a—\7ahc+2h—\yabc+2h—\7abc o 3V/abc
I+a 1+b 1+b 1+ Vabc

Problem 939. Proposed by Toyesh Prakash Sharma and Etisha Sharma, Agra
College, Agra, India.
Find the highest power of 5 which is contained in 777!

Problem 940. Proposed by John Zerger, Catawba College, Salisbury, NC.
Show that if p and g are two consecutive odd prime numbers then p+¢ is the
product of at least three prime numbers (not necessarily distinct).
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Problem 941. Proposed by Guillermo Garcia (student) and Angel Plaza, Univer-
sidad de Las Palmas de Gran Canaria, Spain.
Evaluate the sum [arctanx (¢ + %) dx+ [ 1 (¢ — %) dx.

Problem 942. Proposed by D.M. Batinetu-Giurgiu, “Matei Basarab™ National

College, Bucharest, Romania and Neculai Stanciu, “George Emil Palade” School,

Buzdu, Romania.

If (an) with n > 1 is a positive real sequence such that lim %% = a which is a
1 (w/ami—

positive real, then compute lim . (*3)/ani1 — (/) -

Problem 943. Proposed by D.M. Batinetu-Giurgiu, “Matei Basarab” National
College, Bucharest, Romania and Neculai Stanciu, “George Emil Palade” School,
Buziu, Romania.

I (a) with n > 1 is a positive real sequence such that lim €5

oo nay /!
pute lim (+4/@niT —/a) -

Problem 944. Proposed by the editor.
Find a positive integer x which is divisible by a fourth power and x+ 1 is divisible
by a cube and x+2 is divisible by a square.

, then com-
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12538. Proposed by Erich Friedman, Orange City, FL. Start with five standard six-
sided dice. At each tun, roll the dice that have not yet been set aside and choose some
subset of the rolled dice to set aside permanently. Repeat this process until no face
appears exactly once (in poker terms, you want (o end up with five-of-a-kind or a full
house). What is the optimal strategy such that the process will termina in as few turns
as possible, on average?

12539. Proposed by Roberto Tauraso, Tor Vergata University of Rome, Rome, ltaly.
Let n be a positive integer, and let = /(3n + 1). Prove

-
L cos(k(3k+2)8) _
N U R

12540. Proposed by Robert Dragomirescu, Stanford University, Stanford, CA, and
Cezar Lupu, Tsinghua University, Beijing, China. What is the maximum value of
' '
/ X f(x) dx 7/’ X f(x) dx
fo o
over all continuous functions £: [0, 1] — [0, 00)?

12541. Proposed by Ingrid Vakusic, University of Waterioo, Waterloo, Canada. A real
number x is a Liowville number i for every n > 1 there exist integers p and g with
g > 1 such that
1
0<| —”l <

i

q
The most famous Liouville number is Liouville's constant L = 3°3°, 10+, Prove

and (), are increasing sequences of
=, 1 /a; is a Liouville number, then 37,

or disprove: If (a;),
bi > ay for all i and
pumber as well.

/bi is a Liouville
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12542. Proposed by Luu Dong, Hanoi National University of Education, Hanoi,
Vietnam. Let ADG be a triangle, and suppose that there are points B and C on
side AD, points E and F on side DG, and points H and K on side GA such that
AC =CD+DE = EG, DF = FG + GH = HA, and GK = KA + AB = BD.
Prove that the segments CH, FB, and K E are concurrent.

12543, Proposed by Hideyuki Ohtsuka, Saitama, Japan. Prove

where Fy =0, F = 1,and F,
12544. Proposed by Max A. Alekseyev, George Washington University, Washington,
DC. Find every positive integer that equals the product of the sum of its prime factors
taken without multiplicity and the sum of its prime factors taken with multiplicity. That
is, find all positive integers n such that n = (3-1_, p;) (1_, kip:). where n has prime
factorization [T/_, pF.
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THE SANDBOX

In this section, we highlight problems
that anyone can play with, regardless of
mathematical background. But just because
these problems are easy to approach doesn’t
mean that they are easy to solve!

A'Triangle Inequality (P486). Yagub Aliyov (ADA
University) poses this problem. Consider the
trianglo ABC with ZACB = = /2 shown in figure 1.
Lot D bo an angle bisector of ZACB and DF be
————————— porpendicular to side
Figure 1. Triangle ABC.  AC. Moreover, let 1Y
and F” bo points on
the lines AB and AC,
respectively, such that
|AD| = |DB] and |AF"|
= |FC). Lot the line
D'F intersect the line
BC at K. Prove that
i |AK|>|AC]+|BC] it

and only if

1ac|

m(mmsm.

Sums of Consecutive Four Powers (P487).
David Seppala-Holtzman (St. Joseph’s
University) suggested this problem. Lot m be
a positive integer such that m #1,6 g:ndm}
Let n be any positive integer and define

K =m"+m"" +m"? + m"** Prove that

K =0(mod10).

This section offers problems with connections
to articles that appear in the magazine. Not
all Zip Line problems require you to read the
corresponding article. but doing so can never
hurt, of course.

Collapse Independent Wins (P488). Jennifor
F.Vasquez and Nicolas Hipolito (University of
Scranton) proposed this problom connectod to
their articlo “Entangling Tic-Tac-Toe: Quantum
TTT Revisited.” The rules for playing quantum
tic-tac-toe are given in the articlo. Wins are
classified as collapso dopendent or collapse
independent. A collapse dependent win occurs
if the chosen direction of an arrowhead
dotormines which player wins. Otherwiso,

the win is called collapso indopendent. Is

it possible to have a collapse indopendent

win with the same winning verticos? Eithor
construct an example or explain why no such

example exists.

Any type of problem may appear in the Jungle
Gym—climb on!

Complex Triangles (P489). Rajesh Sharma and
Vijay Sharma (Himachal Pradesh University,

India) challenge readers with this problem. Lot
2,.2,, and 2, be three distinct complex numbers
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such that|z,| =|z,| =|z,| =1. Prove the following
conditions are cquivalent:

i 2.2y, and z, are vertices of a right triangle;
|21 +2 +2|=1
fii. Im(z;Z;) =0 for some i,j= 123 withi= j.
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2221. Proposed by Michael Goldenberg, The Ingenuity Project, Baltimore Polytechnic
Institute, Baltimore, MD and Mark Kaplan, University of Maryland Global Campus,
Adelphi, MD.

Given AABC, let O be s circumcenter and let AA, B,C, be symmetric to AABC with
respect to 0. Construct the points A, B’ and C’, which are the reflections of 4,, B;,
and C, across the lines BC, CA, and AB, respectively. Construct the points A”, B” ,
and C”, which are the reflections of O across the altitudes of AABC from A, B, and C,
respectively. Prove the following statements.

(a) AA’B'C’ and AA”B"C" are both similar to AABC.
(b) AA’B'C' and AA"B"C” are symmetric with respect to the center of the nine-point
circle of AABC.

2222. Proposed by Hideyuki Ohtsuka, Saitama, Japan.
Evaluate

pCERIEla) Ltogsn]

7
pert L)
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2223. Proposed by Maridn Stofka, Slovak University of Technology, Bratislava, Slovakia.
Evaluate

/' (1 —x)(Inx)? dx.
Jo +1

2224, Proposed by the Missouri State University Problem Solving Group, Missouri State
University, Springfield, MO.

Let n > 4 be a positive integer that is not a multiple of 3. Which single squares can
be removed from an n x n checkerboard so that the remaining squares can be covered
by 1 x 3 rectangles with no overlap? For example, in a 4 x 4 board, one can cover the
region obtained by removing a corer square, but one cannot cover the region oblained
by removing the square shown in the figure on the right.

2225. Proposed by H. A. ShahAli, Tehran, Iran
., n) will be called good if the entries of
(+a,2+a,....n+a)
are distinct modulo n. For example, (1,3, 5,2, 4) is good, since
(+1,2+3,34+5442,5+4)=(2,0,3,1,4) (mod5).

A permutation (ay, ..., a,) of {1,

(a) Determine all positive integers n for which there exist good permutations.
(b) Prove that the number of good permutations of n elements is greater than or equal to

“1 ()

Ppprime.




